Ground-state and finite-temperature properties of S = 1/2 Heisenberg ladders with a ferromagnetic leg, an antiferromagnetic leg, and antiferromagnetic rungs are studied. It is shown that a partial ferrimagnetic phase extends over a wide parameter range in the ground state. The numerical results are supported by an analytical calculation based on a mapping onto the nonlinear σ model and a perturbation calculation from the strong-rung limit. It is shown that the partial ferrimagnetic state is a spontaneously magnetized Tomonaga-Luttinger liquid with incommensurate magnetic correlation, which is confirmed by a DMRG calculation. The finite-temperature magnetic susceptibility is calculated using the thermal pure quantum state method. It is suggested that the susceptibility diverges as T −2 in the ferrimagnetic phases as in the case of ferromagnetic Heisenberg chains.
Introduction
Ferrimagnetism in one-dimensional quantum magnets has been attracting broad interest in condensed matter physics. Conventional ferrimagnetism in unfrustrated spin chains can be understood on the basis of the LiebMattis (LM) theorem, 1) for which the spontaneous magnetization is quantized to the values expected from the LM theorem. 2, 3) This type of ferrimagnetism is called LM ferrimagnetism. For weak frustration, LM ferrimagnetism often remains stable. Another type of quantum ferrimagnetism induced by frustration for which the spontaneous magnetization varies continuously with the strength of frustration is called partial ferrimagnetism. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] In this case, the spontaneous magnetization is not quantized to a specific value. In many numerical examples, [7] [8] [9] [10] [11] [12] partial ferrimagnetism is accompanied by an incommensurate quasi-long-range modulation of the magnetization. Recently, an analytical approach using the nonlinear σ model has been proposed to understand the partial ferrimagnetism of this kind.
14) It is proposed that this phase can be characterized as a spontaneously magnetized Tomonaga-Luttinger liquid (SMTLL).
In the present work, we investigate the partial ferrimagnetism in S = 1/2 Heisenberg ladders with a ferromagnetic leg, an antiferromagnetic leg, and antiferromagnetic rungs. In the absence of rung interactions, the system decouples to a spin-1/2 antiferromagnetic chain and a spin-1/2 ferromagnetic chain. Hence, the ground state has magnetization M = L/2, where L is the length along the legs. On the other hand, in the strong-rung * Present address: Akikusa Gakuen High School, Sayama, Saitama 350-1312, Japan † E-mail: hida@mail.saitama-u.ac.jp limit, two spins on each rung form a singlet dimer and the ground state is nonmagnetic with M = 0. This ground state is called the rung-dimer state. Hence, it is plausible that a partial ferrimagnetic ground state is realized in an appropriate range of the rung strength. This paper is organized as follows. The Hamiltonian is introduced in Sect. 2. The ground-state phase diagram is investigated numerically and analytically in Sect. 3. The finite-temperature magnetic susceptibility is numerically estimated in Sect. 4 using the canonical thermal pure quantum state (cTPQ) method. The last section is devoted to a summary and discussion.
Hamiltonian
We consider the S = 1/2 Heisenberg ladders described by the Hamiltonian
where S i,a is a spin-1/2 operator. The lattice structure is shown in Fig. 1 . For J 1 = J 2 , the rung-dimer state is the exact ground state down to a finite critical value of R as shown by Tsukano and Takahashi. 5) Later, a similar model with a ferromagnetic J 1 , an antiferromagnetic J 2 , and an anisotropic ferromagnetic R was investigated by Tonegawa et al. 13) Among the variety of ground-state phases of this model, they also found a partial ferrimagnetic phase. In the present work, we consider the whole parameter region with a ferromagnetic J 1 , an an-tiferromagnetic J 2 , and an antiferromagnetic R without anisotropy. In the remainder of this paper, we set the energy unit by J 2 = 1.
a=2 Fig. 1 . Lattice structure of the present model.
Ground-State Phase Diagram

Numerical analysis
The ground-state phase diagram is determined by Lanczos numerical diagonalization with the periodic boundary condition for L = 12 as shown in Fig. 2 . In the LM ferrimagnetic phase, M = L/2 = 6. In the partial ferrimagnetic phase, 0 < M < L/2. It is found that the partial ferrimagnetic phase extends over a wide parameter range. The R-dependences of M for J 1 = 0.5, 0.8, and 1.5 are presented in Figs. 3(a)-3(c) , respectively. The critical value R c between the nonmagnetic phase and partial ferrimagnetic phase is insensitive to the system size L. To determine the R-dependence of M more precisely, log-log plots of M/L against R c − R are shown in Fig.  4 . The value of R corresponding to each value of M/L is at the middlepoint of the steps in Fig. 3 . The solid lines are fit assuming the form
For J 1 = 0.5, 0.8, and 1.5, we obtain β = 0.48 ± 0.01, 0.48 ± 0.01, and 0.49 ± 0.03, respectively. For J 1 = 0.5 and 0.8, we use two to five points for the fitting. For J 1 = 1.5, we use two to four points. The errors are estimated from the variation of β for different choices of the points. These results are consistent with the estimation of β = 1/2 obtained by a mapping onto the nonlinear σ model described in the following subsection. On the other hand, the critical value R LM c between the LM ferrimagnetic phase and the partial ferrimagnetic phase depends strongly on the system size as shown in 
Mapping onto the nonlinear σ model 3.2.1 Transformation of spin variables
The ground-state phase diagram is studied analytically by mapping the Hamiltonian (2.1) onto the nonlinear σ model. 14) For small J 1 , the classical ground-state spin configuration of the Hamiltonian (2.1) is given by the Néel state
Hence, we decompose the whole ladder into two interpenetrating sublattices as shown in Fig. 6 . Since the unit cell is doubled, we take a unit cell as shown by the dotted square.
We introduce the low-energy modes corresponding to the uniform and staggered components of spin variables l(x j ) and n(x j ) by [15] [16] [17] for (i, a) = (2j − 1, 1), (2j, 2),
for (i, a) = (2j − 1, 2), (2j, 1), which satisfy the constraint
where x j = 2ja 0 is the coordinate of the center of the jth unit cell along the leg. The square root factor
The coefficients A a are normalized as
so that l(x j ) corresponds to the net magnetization per unit cell as
Stability of the nonmagnetic state
Taking the continuum limit and within the second order in n ′ (x j ) and l(x j ), the Hamiltonian is rewritten as
where
To determine A a , we follow Sierra 16, 17) to obtain 
Hence, we finally obtain
Limiting ourselves to the case of J 2 ≫ J 1 , the state with l(x) = 0 is unstable for R < R c , where
14)
The instability in l implies the transition to the ferrimagnetic state. The critical value given by Eq. (3.14) is plotted in Fig. 2 by a dash-dotted line. Considering that the present approximation is valid for J 2 ≪ J 1 , it is consistent with the phase boundary obtained by numerical calculation.
Higher-order correction in l(x)
We have to consider the higher-order correction in l(x) to fix the equilibrium value of l(x) in the unstable region R > R c . Hence, we expand Eq. (3.3) and Eq. (3.4) up to O(l 4 ). Then, the Hamiltonian yields
2 is positive definite. Hence, the magnitude of the equilibrium value of l grows continuously from R = R c as
The magnitude of the uniform magnetization per site M is given by
This result implies β = 1/2 as estimated numerically.
In the higher-order terms, the terms such as
2 by l(x) 2 , the first term is absorbed by a slight redefinition of the coefficient of n ′ (x) 2 and the second term leads to a small but finite topological angle. In the magnetized sector, however, the ground state is an SMTLL, as discussed below, and the topological angle does not play an essential role. The term l ′ (x) 2 also appears with a positive coefficient. This term suppresses the spatial variation of l(x) and stabilizes the ferrimagnetic long-range order. Hence, we conclude that a second-order transition to a partial ferrimagnetic phase takes place for R < R c .
Following the argument of Ref. 14, this ground state is an SMTLL with broken SU(2) symmetry down to U(1). Hence, the incommensurate quasi-long-range modulation of magnetization is also expected in the partial ferrimagnetic phase. This is confirmed by the finite-size DMRG calculation of the expectation values S 
Perturbation from the strong-rung limit
In the strong-rung limit R ≫ J 1 , J 2 , we divide the Hamiltonian (2.1) as
20)
In this subsection, we regard H 0 as an unperturbed Hamiltonian and H 1 as a perturbation Hamiltonian. Each spin state is described by eigenstates of S z i,a as
The singlet and triplet states on each rung are defined by
In the limit R → ∞, the ground state is the rung singlet (RS) state |RS defined by
This is an eigenstate of H 0 that satisfies
The eigenvalue of this RS state is
up to the second order in J 1 and J 2 .
In the single triplet (RT1) state, one of the rung singlets is replaced by a rung triplet. Owing to the translational invariance, the eigenstate is a plane-wave state indexed by a wave number k (−π/a 0 ≤ k ≤ π/a 0 ) and α (= 0, ±) as
Up to the second-order perturbation in J 1 and J 2 , the eigenvalue of |RT1; k, α is given by
The minimum of E RT1 located at k = 0 or π is given by
Hence, if
is satisfied, the RS state is unstable against the formation of a rung-triplet excitation. This instability leads to ferrimagnetic ordering. The critical value of R is given by
This is plotted in Fig. 2 by a dashed line. Considering that the present approximation is valid for R ≫ J 1 , J 2 , it is qualitatively consistent with the phase boundary obtained by numerical calculation. This expression reduces to R c = √ 2 obtained by Tsukano and Takahashi 5) for J 1 = J 2 = 1.
Finite-Temperature Properties
The ground state of the present system is an SMTLL, analogous to the ground state of a spin chain in the effective magnetic field. Nevertheless, the ferromagnetic longrange order is destroyed at finite temperatures due to one-dimensionality. This implies that the effective magnetic field vanishes as soon as the temperature becomes finite. Hence, the finite-temperature properties of the present system are not simply described as those of a conventional Tomonaga-Luttinger liquid (TLL) at finite temperatures. This situation poses the nontrivial question "What is the fate of the SMTLL at finite temperatures?".
To obtain insight into this question, the finitetemperature susceptibility is calculated by the cTPQ method. [18] [19] [20] [21] The average is taken over 1200 initial vectors. The size extrapolation is carried out by the Shanks transform 22) from L = 8, 10, and 12. Motivated by the low-temperature behavior of the susceptibility of the S = 1/2 ferromagnetic Heisenberg chain, 23) we fit the data by the formula
The plot of χT 2 against T 1/2 is shown in Fig. 8 . This plot suggests that C 0 > 0 in the partial ferrimagnetic phase as well as in the LM ferrimagnetic phase. This means that the susceptibility in these phases behaves as χ ∼ T −2 at low temperatures.
Although the above result is not conclusive due to the limited system size, the following physical argument supports the validity of this behavior. In addition to the excitations of the conventional TLL, whose excitation energy is normally proportional to the wave number k, the ferromagnetic fluctuation modes coexist as low-lying modes in the SMTLL. The amplitude of the ferromagnetic fluctuation mode in the long-wave-length limit is simply the total magnetization, which commutes with the Hamiltonian. Therefore, similarly to the ferromagnetic fluctuations in the one-dimensional ferromagnets, their excitation energy is proportional to k 2 . Hence, the time scale of the ferromagnetic fluctuation modes is much longer than that of the excitations in the conventional TLL for small k. This implies that the whole system can be regarded as a TLL in the background of slowly fluctuating almost uniform ferromagnetic modes. The latter modes contribute to the finite-temperature susceptibility in the same way as the ferromagnetic modes do in a ferromagnetic chain, leading to the behavior χ ∼ T −2 at low temperatures. 
Summary and Discussion
We have investigated the ground-state properties of S = 1/2 Heisenberg ladders with a ferromagnetic leg, an antiferromagnetic leg, and antiferromagnetic rungs using Lanczos diagonalization. It is shown that a partial ferrimagnetic phase extends over a wide parameter range. The numerical results are supported by analytical calculations using the nonlinear σ model and the perturbation expansion from the strong-rung limit.
The finite-temperature magnetic susceptibility is calculated using the cTPQ method. Although the ground state is an SMTLL, the finite-temperature properties are expected to be different from those of a conventional TLL, since the spontaneous magnetization vanishes at finite temperatures. Our numerical results suggest that the susceptibility diverges as T −2 in the ferrimagnetic phases as in the case of a ferromagnetic Heisenberg chain.
This behavior can be understood if we regard the present system as a TLL in a slowly fluctuating ferromagnetic background. Since the ferromagnetic spin wave has much lower excitation energy than the TLL excitation in the long-wavelength limit, this should make a dominant contribution to the susceptibility. Nevertheless, the details of the properties of the SMTLL at finite temperatures still remain to be investigated. It is hoped that extensive analyses of other models with ground states of this kind will clarify their generic nature.
